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> Implementation parts of reduced basis methods
● Numerical scheme (truth/detailed solutions) + Parametrization

● Greedy Algorithm

● POD-Greedy, EI-Greedy, PODEI-Greedy

● p-Partitioning, t-Partitioning, hp-Partitioning

● Training set adaptation

● Needed tools

● Orthonormalization, POD, SCM, ...

● Data storage, postprocessing and analysis

● Visualization

● (Parallelisation)

● …
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That's too much!
I am exhausted!



Martin Drohmann (mdrohmann@uni-muenster.de) RB-Software Concepts

> Utopian Dream
PDE Discretizations (FEM, FV, DG):

Navier-Stokes, Groundwater-Flow, Convection-Diffusion, 
Poisson, Maxwell, ...

Parametrization

Huge, Magical RB-Toolbox

Reduced model
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Utopian dream

● Fast application of reduced basis tools to (existing) 
sophisticated discretizations.

● Quick and easy implementation of new reduced basis tools 
or extension of existing reduced basis tools.
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Juhuu!
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Summary

Implementation speed
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> Outline

● RBmatlab concepts:

● General course of action for RB model reduction

● Greedy basis generation algorithms

● Operator EIM

● Combination with DUNE-RB
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Download: www.morepas.org/software
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RBmatlab main parts

Data structures:

Models:

model_data structure with high-dimensional data for detailed computations

detailed_data class object with high-dimensional data created during offline phase

reduced_data class object with low-dimensional data created during offline phase

DetailedModel class with methods for detailed simulations (wrapper for 
discretization)

ReducedModel Class with methods for basis generation and reduced simulations
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RBmatlab course of action
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RBmatlab discretization tools

● Grid implementations

● 2D: triangular grid, rectangular

● nD: cubical grid

● Discrete function spaces

● FV, FE, LDG

● (Operators and data functions)
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Example: FV scheme for Burgers-Equation

Burgers Equation

∂tu−∇vuµ1 = 0 (1)

with (implicit) finite volume discretization with Engquist Osher flux.

I Parameter vector µ := (µ1) ∈ [1, 2].
I Ω = [0, 2]× [0, 1] with purely cyclical boundary conditions
I end time T = 0.3
I smooth initial data: u0(x) = 1

2 (1 + sin(2πx1) sin(2πx2))

I rectangular 120× 60 grid with K = 100 time steps.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Example: FV scheme for Burgers-Equation

t=0.0 t=0.15 t=0.3(a)

t=0.0 t=0.15 t=0.3(b)

t=0.0 t=0.15 t=0.3(c)

0

0.2

0.4

0.6

0.8

1

Figure: Illustration of transport for smooth data. Snapshots at different time instants for a) µ = 1 b)
µ = 1.5 and c) µ = 2<++>.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Discretization (implicit/explicit with Newton scheme)

For µ ∈ P find {uh}Kk=0 ⊂ Wh ⊂ W, s.t.

u0
h := Ph [u0(µ)] , uk+1

h := uk+1,νmax(k)
h

with Newton iteration

uk+1,0
h := ukh, uk+1,ν+1

h := uk+1,ν
h + δk+1,ν+1

h ,(
Id + ∆tDLh,I|uk+1,ν

h

)[
δk+1,ν+1
h

]
= ukh − uk+1,ν

h −∆t
(
Lh,I

[
uk+1,ν
h

]
+ Lh,E

[
ukh

])
.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Reduced basis scheme

Reduced simulation
For µ ∈ P find {ured}Kk=0 ⊂ Wred, s.t.

uk+1
red := uk+1,νmax(k)

red , u0
red := Pred

[
uh,0(µ)

]
with Newton iteration

uk+1,0
red := ukred, uk+1,ν+1

red := uk+1,ν
red + δk+1,ν+1

red ,(
Id + ∆tDLred,I|uk+1,ν

red

)[
δk+1,ν+1

red

]
= ukred − uk+1,ν

red −∆t
(
Lred,I

[
uk+1,ν

red

]
+ Lred,E

[
ukred

])
.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Prerequisities

I Pred :Wh →Wred : Galerkin projection ontoWred ⊂ Wh

Empirical interpolation of discrete operators

I Lred,I := Pred ◦ IM ◦ Lh,I : implicit operator evaluation
I Lred,E := Pred ◦ IM ◦ Lh,E : explicit operator evaluation

,
,

Martin Drohmann (mdrohmann@wwu.de)
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I Pred :Wh →Wred : Galerkin projection ontoWred ⊂ Wh
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Empirical interpolation[Barrault et al, 2004]
Empirical interpolation for parametrized functions f (µ) : R→ R.

Base functions:

x

y

0.5 1.0

0.5

1.0 q1

x

y

0.5 1.0

0.5

1.0 q2

f (x1;µ)
f (x2;µ)

x1x2

x

y

0.2 0.4 0.6 0.8 1.0

1.0

2.0

3.0

4.0

5.0

IM◦f (x;µ)
f (x;µ)

I “magic points” {xm}Mm=1
I basis functions {qm}Mm=1

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation[Barrault et al, 2004]
Empirical interpolation for parametrized discrete operators Lh ∈ Wh.

Base functions:

x

y

0.5 1.0

0.5

1.0 q1

x

y

0.5 1.0

0.5

1.0 q2

Lh(µ)[uh(µ)](x1)
Lh(µ)[uh(µ)](x2)

x1x2

x

y

0.2 0.4 0.6 0.8 1.0

1.0

2.0

3.0

4.0

5.0

IM◦L(µ)[uh(µ)]
L[uh(µ)]

I “magic points” {xm}Mm=1
I basis functions {qm}Mm=1

Discrete operators need to have “H-independent Dof dependence”. ,
,

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation: Subgrids

local subgrid
xm

Restrict uh(µ) to subgrid

xm

Evaluate Lh(µ) [uh(µ)] (xm)

Efficient evaluations
The operator evaluations in interpolation points Lh,(µ)[·](xm) can be computed efficiently
during online phase, if

I the operator has a localized structure (small stencil) and
I the local geometry information is precomputed during offline phase.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation: Details

General operator approximation

Interpolate operator evaluations at “magic points”:

Lh(µ)
[
ukh(µ)

]
(xm) = (IM ◦ Lh(µ))

[
ukh(µ)

]
(xm) =

M∑
m=1

σm(µ) qm (xm).

parameter de-
pendent

parameter inde-
pendent

Empirical interpolation

I Basis functions qm are directly computed from operator evaluations
I for selected parameters µm and time steps km.
I They span a collateral reduced basis spaceWM ⊂ Wh.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Emprical interpolation: Fréchet derivative
Define lm(µ) :Wh → R, uh 7→ Lh(µ)[uh](xm)

Observation

(
D (IM [Lh(µ)]) |uh [vh]

)
(xm) =

(
Dlm(µ)|uh [vh]

)

Coefficient functionals

Dlm(µ)|uh [vh] =
M∑

m=1

H∑
i=1

∂

∂ψi
lm(µ) [uh] (vh,i)

=
M∑

m=1

∑
i∈Ixm

∂

∂ψi
lm(µ) [uh] (vh,i).

Wh is finite dimensional

Lh has local stencil

,
,

Martin Drohmann (mdrohmann@wwu.de)
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,
,
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Emprical interpolation: Fréchet derivative
Define lm(µ) :Wh → R, uh 7→ Lh(µ)[uh](xm)(

D (IM [Lh(µ)]) |uh [vh]
)

(xm) =
(
Dlm(µ)|uh [vh]

)

Coefficient functionals

Dlm(µ)|uh [vh] =
M∑

m=1

H∑
i=1

∂

∂ψi
lm(µ) [uh] (vh,i)

=
M∑

m=1

∑
i∈Ixm

∂

∂ψi
lm(µ) [uh] (vh,i).

Note: card(Ixm ) < C for all m = 1, . . . ,M.⇒ Complexity stillO(M).

Wh is finite dimensional

Lh has local stencil

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Summary: Reduced basis scheme

I Generate reduced basis space with POD-Greedy algorithm:
Wred := span {ϕi}Ni=1 ⊂ Wh

I Reduced model order by Galerkin projection: Pred :Wh →Wred

I Offline-/online decomposition of operators:

(
Pred[uh,0(µ)]

)
n =

∑Qu0
q=1 σ

q
u0(µ)

∫
Ω uq0ϕn assuming: u0(µ) =

Qu0∑
q=1

σqu0(µ)uq0

(
Lred,I(µ)

[
ukred(µ)

])
nm

=
∑M

m=1 “lIm(µ) [ured]′′
∫

Ω qmϕn

(
DLred,I(µ)|ured [δred]

)
nm =

∑M
m=1 “ ∂

∂ψi
lIm(µ) [ured]′′

∫
Ω qmϕn

online

online

online

offline

offline

offline

,
,

Martin Drohmann (mdrohmann@wwu.de)
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X-greedy algorithm

X-GREEDY(Mtrain, εtol,Υmax )

– Initialize reduced basis of dimension Υ0:
DΥ0 ← X-INITBASIS()
Υ← Υ0

repeat
– Find worst approximated parameter:

(µmax, tmax)← arg maxµ∈Mtrain X-ERRORESTIMATE(DΥ,µ, tk)
– Extend reduced basis by snapshot:

DΥ+1 ← X-EXTENDBASIS(DΥ,µmax, tmax)
Υ← Υ + 1

until maxµ∈Mtrain X-ERRORESTIMATE(DΥ)≤ εtol or Υ > Υmax

return reduced data: DΥ

I Extension: Adaptive extension of Parameter sampling Mtrain.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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EI-greedy methods (1/2)

EI-INITBASIS()

return empty initial basis: D0 ← {}

EI-ERRORESTIMATE((QM,ΣM) ,µ, tk )

– Compute exact operator evaluation
vh ← Lh[ukh(µ)]

– Compute empirical interpolated operator evaluation
vM ← IM ◦ Lh[ukh(µ)]

return approximation error: ‖vh − vM‖.

Detailed simulation for all trainings parameters needed. Expensive!

,
,

Martin Drohmann (mdrohmann@wwu.de)
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EI-greedy methods (2/2)

EI-EXTENDBASIS((QM,ΣM) ,µ, tk )

– Compute exact operator evaluation.
vh ← Lh[ukh(µ)]

– Compute empirical interpolated operator evaluation.
vM ← IM ◦ Lh[ukh(µ)]

– Compute the residual.
rM ← vh − vM.

– Find “magic point” maximizing the residual.
xM+1 ← arg supx∈Σh

|rM(x)|
– Normalize to obtain a new basis function.

qM+1 ← rM · 1
rM(xM+1)

return extended basis data: DM+1 ←
(
{qm}M+1

m=1, {xm}M+1
m=1

)

,
,

Martin Drohmann (mdrohmann@wwu.de)
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POD-greedy methods

POD-INITBASIS()

return initial reduced basis functions: {ϕn}N0
n=1

POD-ERRORESTIMATE({ϕn}Nn=1 ,µ, t
k )

return error estimate: ηkN,M(µ) ≥
∥∥ukred(µ)− ukh(µ)

∥∥
POD-EXTENDBASIS({ϕn}Nn=1 ,µmax,˜)

– Compute trajectory
{
ukh(µmax)

}K
k=0

.
– Compute new basis function with POD and Galerkin projection Pred projecting
onto span {ϕn}Nn=1:

ϕN+1 ← POD
({

ukh(µmax)− Pred
[
ukh(µmax)

]}K
k=0

)
return extended reduced basis: {ϕn}N+1

n=1

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Remarks: EI-greedy + POD-greedy

I “EI-greedy” has to be computed before “POD-greedy” with detailed simulations for all
trainings parameters.

I A priori it is unknown, how to choose the error tolerance εtol for the “EI-greedy”.
I Number of EI base functions might be too large.

Alternative: “PODEI-greedy”

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Motivation: PODEI-greedy
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,
,

Martin Drohmann (mdrohmann@wwu.de)
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Example: Burgers Equation

Burgers Equation

∂tu−∇vuµ1 = 0 (2)

with (implicit) finite volume discretization with Engquist Osher flux.

I Parameter vector µ := (µ1) ∈ [0, 2].
I Ω = [0, 2]× [0, 1] with purely cyclical boundary conditions
I end time T = 0.3
I smooth initial data: u0(x) = 1

2 (1 + sin(2πx1) sin(2πx2))

I rectangular 120× 60 grid with K = 100 time steps.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Example: Solution snapshots

t=0.0 t=0.15 t=0.3(a)

t=0.0 t=0.15 t=0.3(b)

t=0.0 t=0.15 t=0.3(c)
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0.2

0.4

0.6

0.8

1

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Example: Empirical interpolation of Lh,I

100 200 300 400

50

100

150

M

Λ
M

(a) Lebesgue constant

0 2
0

1

(b) EI-greedy

100

200

300

400

Illustration of interpolation DOF selection for Burgers problem. DOFs corresponding to darker
points are selected first.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Example: Table

I dim(Wh) 9600
I νmax ≈ 1− 20
I #Mtrain 28

N M ø-runtime[s] max. error ø-offline time[h]

7,200 0 90.01 0.00 0
42 83 4.42 1.15 · 10−3 0.96
83 166 6.23 6.03 · 10−5 1.34
125 250 8.99 7.43 · 10−6 1.74
166 333 11.6 8.33 · 10−7 2.23
208 416 15.64 2.47 · 10−7 2.78
249 499 19.56 2.38 · 10−7 3.4

N M ø-runtime[s] max. error ø-offline time[h]

0 −1 90.01 0.00 0
42 72 4.44 1.73 · 10−3 0.54
83 144 6.04 5.74 · 10−5 1.09
125 216 8.37 7.30 · 10−6 1.55
167 288 11.92 7.63 · 10−7 2.08
208 360 15.08 2.31 · 10−7 2.69
233 402 16.48 1.55 · 10−7 3.27

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Example: Error landscape
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,
,

Martin Drohmann (mdrohmann@wwu.de)
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Thank you for your attention!
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> Low dimensional Computations (                                 )

● Control of Offline-Algorithms

● POD-Greedy Algorithm

● Gathering and post-processing of reduced matrices

● Low-Dimensional Computations

● Reduced Simulations

● A posteriori error estimation

● Low dimensional data visualization

RBMATLAB
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High dimensional computations (                            ) 

● Storage / Manipulation of reduced spaces

● Efficient high dimensional linear algebra algorithms

● POD, Orthonormalization, Gram-Matrix computations

● Parametrization

● (Implemented in C++, based on

●  DUNE core modules (http://dune-project.org) and

●  DUNE-FEM (dune.mathematik.uni-freiburg.de)

DUNE-RB

http://dune-project.org/
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The Glue

● Communication between DUNE-RB and RBMATLAB can be 
realized by

1. compiling DUNE-RB as (mex-) library for matlab or:

2. TCP/IP Communication between two stand-alone applications

RBMATLAB

D
U

N
E- RB
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Proof of Concept (linear evolution problem)
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Proof of Concept (linear evolution problem)

11.8 seconds!
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Proof of Concept (linear evolution problem)

0.02 seconds!
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Proof of Concept (linear evolution problem)
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Linear Transport Problem
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So, we have a hammer for linear evolution problems!

RBMATLAB
DUNE-RB
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But how do you make your problems look like a nail?

Poisson

G
roundw

ater-Flow

N
avier- S

tokes
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Interface to PDE descretizations
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Interface to PDE discretizations (linear)

● For PDE discretization of form

● Implement affinely parameter dependent operators
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Interface to PDE discretizations (linear)

Affinely parametrized operators

with methods

● Parametrization [set_mu()]

● Parameter dependent coefficients [coefficient()]

● Parameter independent operators [component()]
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Automatic generation of reduced matrices:
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Interface to PDE discretizations (linear)

Affinely parametrized operators

with methods

● Parametrization [set_mu()]

● Parameter dependent coefficients [coefficient()]

● Parameter independent operators [component()]

Automatic generation of reduced matrices:
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Automatic generation of localized operators

Usual dependencies for local operator evaluations:

Basis function evaluations 
at quadrature points

(Local) geometry 
information of the grid

...
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DUNE-RB Grid Wrapper

Automatic generation of localized operators

Therefore: Delegation of function calls concerning grid 
geometry and discrete function space to a wrapper: 

Basis function evaluations 
at quadrature points

(Local) geometry 
information of the grid

...
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Behaviour of DUNE-RB Grid Wrapper

● During detailed simulation:

Delegate calls directly to the grid and the discrete function space

● During offline phase:

store all grid and discrete function space information concerning the subgrid 
in low-dimensional data structures

● During online phase:

Delegate calls to low-dimensional data structures


